In the paper, we identify graphs with the maximal signless Laplacian spectral radius among all the unicyclic graphs with n vertices of diameter d.
Introduction
We consider only simple graphs (i.e. finite, undirected graphs without loops or multiple edges). Let G = (V G , E G ) be a simple graph on n vertices and m edges (so n = |V G | is its order, and m = |E G | is its size). Spectral graph theory [6, 11, 12 ] studies properties of graphs using the spectrum of related matrices. The most studied matrix associated with G appears to be adjacency matrix A = (a ij ) where a ij = 1 if v i and v j of the graph G are adjacent and 0 otherwise. Another much studied matrix is the Laplacian, defined by L = D − A where D is the diagonal matrix with degrees of the vertices on the main diagonal (see [1, 16, 24] ). The matrix Q = D + A is called the signless Laplacian matrix of G (see [7] ), which has recently attracted more and more researchers' attention. One reason for this is that the signless Laplacian spectrum seems to be more informative than other commonly used graph matrices [7] . The matrix Q is real symmetric and positive semidefinite, the eigenvalues of Q can be arranged as q 1 (Q ) q 2 (Q ) · · · q n (Q ) 0, where the largest eigenvalue q 1 (Q ) is called Q -index of graph G. If Q is irreducible (i.e. if G is connected) then q 1 (G) is simple, and the corresponding eigenvector can be taken to be positive; any such vector will be called the Q -Perron vector of G. In what follows we shall restrict ourselves to connected graphs. For any such graph, let q 1 (G) be its Q -index, while
T its Q -Perron vector (not necessarily a unit one); x i is also called the weight of the i-th vertex (with respect to x). The signless Laplacian characteristic polynomial of G, equal to det(xI −Q ), is denoted by ψ(G, x) (or, for short, by ψ(G)).
The study of the largest Q -eigenvalue remains an attractive topic for researchers. In particular, the extremal values of the Q -index for various classes of graphs, and corresponding extremal graphs, have been investigated. A graph G is a quasi-k-cyclic graph if it contains a vertex, say r, such that G − r is a k-cyclic graph, i.e. a connected graph with cyclomatic number k = |E G−r | − |V G−r | + 1. For example, if k = 0; the corresponding graph is a quasi-tree. In [17] quasi-k-cyclic graphs having the largest Qindex are identified for k ≤ 2. In [29] , graphs with maximal Q -index in the class of graphs with given vertex degrees are determined and these results are applied to unicyclic graphs. In [13] graphs with a given number of pendant vertices was considered. Graphs with maximal Q -index and corresponding extremal graphs are determined. For more progress on this line one may refer to [4, 5, [7] [8] [9] [10] [13] [14] [15] [21] [22] [23] [25] [26] [27] [28] 30] ; and some other spectral theory on Q -matrix, one may refer to survey papers [8] [9] [10] and the references therein.
In this paper, we study the signless Laplacian spectral radius of unicyclic graphs with n vertices and diameter d. We determine graphs with the largest signless Laplacian spectral radius among all the unicyclic graphs with n vertices of diameter d.
we identify unicyclic graphs with n vertices of diameter d having the second largest Q -index. In order to state our results, we introduce some notation and terminology. Other undefined notation can be found in [3] . Denote by C n and P n the cycle and the path with n vertices, respectively. 
and d(v s ) = 1, then we call P a pendant path of G; if the subgraph induced by V P in G is P itself, i.e. G[V P ] = P, then we call P an induced path. Obviously, the shortest path between any two distinct vertices of G is an induced path. We call G a unicyclic graph if m = n + 1; where n is the number of vertices and m is the number of edges. We will use U d n to denote the set of all the n-vertex unicyclic graph of diameter d.
Lemmas
In this section, we list some lemmas which will be used to prove our main results.
Lemma 2.1 [20] . Let G be a connected graph and q 1 
(G) be the spectral radius of Q (G). Let u, v be two vertices of G. Suppose v
1 , v 2 , . . . , v s ∈ N(v) \ N(u) and x = (x 1 , x 2 , . . . , x n )
T is the Perron vector of Q (G), where x i corresponds to the vertex v i (1 i n). Let G * be the graph obtained from G by deleting the edges vv i and adding the edges uv
Lemma 2.2 [8] . Let G uv be the graph obtained from a connected graph G by subdividing its edge uv. Then the following holds:
and if uv is not on the internal path then q
Lemma 2.3 [19] . 
Lemma 2.4 [23] . 
the equality holds if and only if G is bipartite and (G)
Let Q v (G) denote the principal submatrix of Q (G) obtained by deleting the row and column corresponding to the vertex v. Let G = G 1 u : vG 2 be the graph obtained from two disjoint graphs G 1 and G 2 by joining a vertex u of graph G 1 to a vertex v of the graph G 2 by an edge. We call G a connected sum of G 1 at u and G 2 at v. Lemma 2.6 [18, 21] . Let G 1 and G 2 be two graphs.
(
ii) Let G be a connected graph with n vertices which consists of a subgraph H (with at least two vertices) and n− | H | distinct pendant edges (not in H) attaching to a vertex v in H. Then
Lemma 2.7.
(i) If H is a proper subgraph of a connected graph G, then q 1 (H) < q 1 (G).
(ii) Let G be a unicyclic graph of order n, then q 1 (G) q 1 (C n ), and equality holds if and only if G ∼ = C n (n 3).
Proof.
(i) Is a consequence of the well-known theorem on non-negative matrices; see also [2, 13] .
(ii) If G ∼ = C n , it is obvious that q 1 (G) = q 1 (C n ). So we suppose G C n . By Lemma 2.4, we have
where the first and second equalities hold if and only if (G) = n − 1 = 3, and G is bipartite. Such graphs do not exist. So we have
Lemma 2.8 [18] . Let G 1 and G 2 be two graphs. resp. D v (G)) be the principal submatrix of A(G) (resp. D(G) ) obtained by deleting the row and column corresponding to the vertex v. Then, we have
Lemma 2.9. Let H 0 be the graph as shown in Fig. 1 . Suppose that t
Proof. We first calculate the characteristic polynomial of
. be a square matrix of order t − 1, where e 11 = 1 and e ij = 0 whenever i = 1 and j = 1; F kk = [f ij ] be a square matrix of order t + 2, where f kk = 1 and f ij = 0 whenever i = k and j = k. Then
In order to simplify the notation, we denote ψ(Q (P t−1 ) + E 11 ; x) and ψ(Q (P t+2 ) + E 11 + E 22 ; x) by f t−1,1 (x) and f t+2,2 (x), respectively.
Similarly, we can get that
In general,
Hence, we deduce the recurrence relations
The second equality follows by Eq. (2.2). Now, we show that
Hence our result holds for t = 2. Suppose that 
Note that if
. . . Then q 1 (
Proof. We first show that ψ(∇
Note that by Lemma 2.4(i), we have (1 i n) .
Choose G ∈ U d n such that the Q -index of G is as large as possible. Then by Lemma 2.11, we can
be an induced path of G and C = v k v k+1 v d+2 v k the only cycle of G (see Fig. 3 ). Since min{d(v 1 
The following facts play a crucial role.
Proof. Assume to the contrary. We first consider the case v i ∈ V P \ V C . Since G ∈Ū d n , and in this case, G cannot be regular and semi-regular bipartite, by Lemma 2.4(ii),
Hence
Proof. Otherwise, let 
